We present an interpretation of loop quantization in the framework of lattice gauge theory. Apart from suggesting future work, the interpretation has the following implications:
The construction of gauge invariant observables of the connection (Wilson loops) on which diffeomorphisms, symmetries of general relativity, acted in a simple way (shifting the loop) was one of the first motivations for using loop variables in quantum gravity. This lead to the formalism now known as canonical loop quantization. Here we will review its formulation using the structure of nested sublattices present in the canonical and covariant formulations of lattice gauge theories. This basic structure will then serve as the backbone for the covariant extension of loop quantization.
Some similarities with lattice gauge theory were always obvious, but the formalism of loop quantization grew following a separate path. This letter presents loop quantization within the conceptual framework of lattice gauge theory. It is illuminating to see loop quantization from this angle. Providing this view is the main purpose of this letter. At this stage it mainly suggests a body of work concerning the construction of effective theories and coarse graining. But it also has the direct implications listed in the abstract.
A general lattice with boundary X has edges and vertices in the bulk and in the boundary. The boundary edges host the boundary data, the connection that is kept fixed when calculating the path integral. The lattice is called general because it is not required to have regular connectivity. The space of connections in X can be trivialized and presented as a product of a copy of the gauge group G per edge, and the gauge group is identified with a copy of G per vertex. We briefly review this framework in the language of spin networks and spin foams mainly to fix notation; detailed introductions can be found in [1] .
The space of functions of the boundary data can be made into a Hilbert space because the Haar measure in G induces a measure dµ X on the space of connections A ∂X which serves to define the Hilbert space assigned to the lattice ∂X [2]
Here the last equality introduces the spin network orthonormal basis; a spin network j ∈ SN (∂X ) is a function of the connection defined by an assignment of irreducible representations to the edges of ∂X and an assignment of intertwiners to its vertices. To define the path integral one constructs a weight based on the desired action with real or imaginary time and integrates over the connection degrees of freedom 1 that live in the interior edges [3] 
The coefficient of spin network j (the quantity between brackets) is denoted by ρ(j). In the last equality, the path integral is expanded in terms of spin foams. Each spin foam J ∈ SF (X ) is an assignment of irreducible representations to the faces of X and an assignment of intertwiners to its edges. It is a history (in the spin network representation) compatible with ∂J = j, and |J| is its weight; for a detailed introduction see [1] .
In lattice gauge theory one first specifies the scale at which the study will be performed. Then the modeling is made on a lattice X (appropriate for the scale) that hosts an effective theory whose coupling constants take the value λ i (X ) specified by the renormalization group flow generated by a renormalization scheme.
Once we have decided which scale interests us, we can model the theory using a single lattice and treat the coupling constants as given. For this lattice theory we can use the spin network/spin foam language described above. The boundary data lives in H ∂X and the partition function is ρ(A).
The set of its sublattices of a lattice S(X ) = {x|x is a sublattice of X } is partially ordered (by inclusion) and directed (in the direction of refinement).
Consider a set of nested sublattices of ∂X , γ 1 ≤ γ 2 ≤ . . . ≤ ∂X . A connection on a lattice induces a connection on any of its sublattices. Then we have the following natural maps Fun(
The measures dµ γ i are compatible in the sense that
, which means that we have a set of nested Hilbert spaces
where we have omitted the isometric inclusions i * γ ′ γ . Functions of the lattice connection f ∈ Fun(A γ 1 ) induce operators acting by multiplication on any H γn with γ 1 ≤ γ n .
Vector fields on A ∂X induce derivative operators i ∂X γ i * v : Fun(A γ i ) → Fun(A γ i ). These operators are compatible in the sense that i ∂X γ i * v(f ) = v(i * ∂X γ i f ), which allows them to be the building blocks for all the "momentum" operators on H ∂X [4] .
Spin network functions form an orthonormal basis for H γ = C[SN (γ)]. For our set of nested sublattices we have
, where to include a spin net from γ 1 to γ 2 one assigns trivial representations and intertwiners to the extra edges and vertices. Defining γ(j) to be the subgraph of ∂X composed by the edges to which j assigns nontrivial representations (and their connecting vertices) we also have
Spin foams are compatible with the nested structure of the sublattices in the same form as spin networks are. For a set of nested sublattices of
we define x(J) in complete analogy with the previous paragraph. Then we define the partial sum of the path integral
Obviously lim x→X ρ x (j) = ρ X (j) = ρ(j), and the weight of a spin foam takes the same value for any x sublattice of X , |J| x = |J|. This property of the weights is clear in our context. In previous work it was called a "no anomaly" requirement for spin foam models by Perez and Bojowald [5] , and it follows from asking that the weight be well defined according to Baez's definition of spin foams [1] . However, the interpretation of ρ x (j) may not be that of a partial sum [8] , but the partition function of an effective theory defined at x. In this case there is no reason for requiring that |J| x be independent of x.
Interpretation The theory at X describes phenomena at its natural scale and coarser scales. In principle, it could serve as a seed to construct further effective theories integrating out the "unnecessary details" (extra degrees of freedom). Thus, λ i = λ i (X ) are running coupling constants determined by a renormalization group flow. At a single X , the coupling constants λ i (X ) take a definite value appropriate to define the effective theory at X .
If the renormalization group flow manages to define a theory in the limit of the finest lattice (length scale), this theory should be treated as a "fundamental theory." The theory in this "finest lattice" has the sublattice structure described above. In fact this structure completely characterizes the kinematics in this type of theory, the kinematics of loop quantization.
Embedded lattices were motivated by the construction of gauge invariant observables of the connection (Wilson loops) on which diffeomorphisms, symmetries of general relativity, acted in a simple way (shifting the loop). This lead to the formalism now known as canonical loop quantization [6] . Here we review its formulation in terms of the nested sublattice structure, and extend it to the covariant formalism.
Consider the space manifold to be Σ. All the lattices embedded in Σ form a family of "sublattices" S(Σ) which is partially ordered by inclusion and directed (in the direction of refinement).
A connection on a lattice induces a connection on any of its sublattices. Then we have the following natural maps Fun(
The compatibility of measures holds again and defines the measure dµ AL onĀ Σ [7] . This allows for the structure of nested Hilbert spaces (1) to hold with H Σ = L 2 (Ā Σ /Ḡ Σ , dµ AL ) as the biggest Hilbert space. A very useful description of this space is in terms of the spin network basis
Connection and momentum operators are defined by the strategy sketched previously for nested sublattices. This completes the canonical kinematics of loop quantized theories. It achieves its motivating goal: its Hilbert space H Σ does not involve the choice of a discretization (that would add a foreign background structure), and it hosts a unitary representation of Dif f (Σ). Now we describe the covariant theory. Consider a spacetime manifold with boundary, M . Even if we worked with the q-deformed theory with the aim of regularization, SN (∂M ) and SF (M ) are uncountable infinite sets. Then the sum for the spin foam expansion of the path integral is badly divergent. However, for any sublattice x ∈ S(M ) after normalization ρ n x (j) = ρ x (j)/ρ x (j = 0); we have a quotient of series that might converge (in the q-deformed case a quotient of finite sums). Then one could define
Again we remark that the weights |J| x = |J| do not depend on the sublattice x ∈ S(M ) defining the partial sum ρ x (j) (for a discussion of the "no anomaly" requirement of Perez and Bojowald see the paragraph below equation (2)).
A definition of this type could be useful since it involves the notion of approximation. The existence of the limit would imply that (for a given allowed error) there is an x ∈ S(M ) such that ρ n x (j) is a good approximation to the real path integral. However, one can expect this to happen only for an effective theory defined on x, and here x is only a sublattice. For topological theories it happens that (there is a family of sublattices with the property that) ρ n x is an effective theory for ρ n M [8] , but one would have to justify this for other theories.
Implications of this interpretation of loop quantization:
1. As we have seen, a loop quantized theory should be interpreted as a theory defined on the finest embedded lattice. "An effective theory for phenomena happening at the finest possible length scale." That is, the theory is thought of as a "fundamental theory;" as such the (essential [9] ) coupling constants λ i (M ) defining it should be considered UVattractive fixed points of the renormalization group flow. A method to define effective theories and an implementation of the renormalization group in loop quantization is under construction [10] . (For related work on the renormalization of spin foam models see [11] ).
2. Once we are working with a single lattice the space of boundary data of the path integral is identified with the kinematical Hilbert space of the canonical theory. Then at every scale we have a unified understanding of the canonical and covariant formulations. In this letter we remark that this relationship is preserved when one defines the theory at the "finest lattice" (smallest length scale). Thus we have presented a unified understanding of canonical loop quantization and embedded spin foam models.
3. If the spin foams of a spin foam model are to be viewed as embedded in spacetime, the weight system needs to obey tight restrictions |J| x = |J| previously referred as "no anomaly" conditions [5] . If, however, one is talking about an effective spin foam model based on a discretization X , the weight |J| X would be X dependent.
4. If an operator is defined following the usual canonical loop quantization techniques, the resulting operator acts naturally on H Σ . The operator can also be defined specifying its action on each H γ , but all these actions need to be compatible because these Hilbert spaces share states.
In the context of spin foam models there are papers [12] proposing geometric operators (area operator in 4d and length operator in 3d) whose action on a spin network of j ∈ H γ has non zero contributions from edges colored with spin zero (proportional to j + 1/2). Clearly the action of these operators on j depends on whether it is seen as an element of H γ or of H γ(j) . These operators might be correct in an effective theory living on γ, but further study would be needed to understand their relationship with a "fundamental" loop quantized theory as described in this letter.
